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We give a simple proof of the fact that for a large class of quasilinear elliptic 

equations and systems the solutions that minimize the corresponding energy in the 

set of all solutions are radially symmetric. We require just continuous nonlinearities 

and no cooperative conditions for systems. Thus, in particular, our results cannot 

be obtained by using the moving planes method. In the case of scalar equations, 

we also prove that any least energy solution has a constant sign and is monotone 

with respect to the radial variable. Our proofs rely on results in [14, 6] and answer 

<-j , questions from [3, 11]. 

> 

1 Introduction 

We consider the system of partial differential equations 

-div(|Vui| p " 2 Vui) = 9i{u), i = l,...,m, (1) 



X 



> 

ON 
ON 

(N 

where u = (m,...,u m ) : R^ — » R m , 1 < p < oo, \{y u ■ ■ ■ , Vn)\ p = (£f=ivf)\ 
ffi (0) = and there exists G G CL(R™ \ {0}, R) n C(R m , R) such that gi {u) = $g(u) for 

oo ! u ^ o. 

o ■ 

Formally, solutions of (1) are critical points of the following energy functional 
S(u) = ^J N jt, \ Vu i\ P dx ~ J N G ( u ) dx - 



The aim of this note is to prove, under general assumptions, that those solutions of 
(1) which minimize the energy S in the set of all solutions are radially symmetric (up to 
a translation in TL N ). In the scalar case we also study the sign and monotonicity of these 
solutions. We do not consider here the problem of existence of solutions (respectively of 
least energy solutions) for (1). We believe that our results cover all situations where the 
existence of a least energy solution is already known in the literature. 

We begin with some definitions. Let II be an affine hyperplane in H. N , let Il + and 
II~ be the two closed half-spaces determined by II and sn the symmetry with respect 
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to II (i.e. su(x) = 2pu(x) — x, where pu is the orthogonal projection onto II). Given a 
function / defined on R^, we define 

f M _f f( x ) if x g n+ f f(x) iixeu- 

fu+[ ) ~\f(sn(x)) ifxen- ' }n - [x) -\ f(s n (x)) if*ell+. ^ 

For a > 0, we denote f a (x) = /(f)- We say that a space X of functions defined on R w 
is admissible if X is nonempty and 

(i) X C Lj oc (R N , R m ) and measure({x | \u(x)\ > a}) < oo for any u G X and a > 0; 

(ii) gi(u) G ^(.(R^) for any u £ X and i = 1, . . . , m; 

(iii) £™ x |Vui| p and G(«) belong to L 1 (R iV ) if « G AT; 

(iv) u ff G A? for any u E X and a > 0; 

(v) u n +, u n - G X whenever u E X and II is an affine hyperplane in R^. 

Let X be an admissible function space. We note that from (i) and (iii), G(0) = 0. A 
function u G X is a solution of (1) if it satisfies (1) in T>'{¥i N ). If (1) admits solutions in 
X, we say that u is a least energy solution if u is a nontrivial solution of (1) and 

S(u) = mi{S(u) \ u e X \ {0}, u is a solution of (1)}. 



We introduce the functionals 

J(u) = -( jr\ Vu i\ Pdx and V(u)= f G{u)dx. 

Clearly, these functionals are well-defined on any admissible function space. As we will 
see, the least energy solutions of (1) come from the following minimization problem: 

minimize J(u) in the set { u £ X \ V(u) = A}. (V\) 

We shall prove that under some general conditions (see (C1)-(C3) or (D1)-(D3) below), 
all least energy solutions of (1) in the set X are radially symmetric, up to a translation 
in K N . 

It is easy to see that J(u a ) = a N ~ p J{u) and V(u a ) = a N V(u). If V(u) > for some 
u G X, we have V(u a ) = 1 for a = V(u)~n. Then, denoting 

T = inf { J(u) | u G X and V{u) = 1}, 

we see that 

JV-p 

J(v) > T (V(v))~ for any v G X satisfying V(v) > 0. (3) 

It is clear that u is a minimizer for problem (V\) above (A > 0) if and only if u ai is a 
minimizer for (Vi), where o\ = X~n'. 

We assume first that 1 < p < N and the following conditions are satisfied. 
(CI) T > and problem (Vi) has a minimizer u* G X; 
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(C2) Any minimizer u G X of (Vi) is a C 1 function and satisfies the Euler-Lagrange 
system of equations 

-dw{\Vui\ p - 2 V Ui ) = a 9i (u) mV'(R N ) (4) 

for i = 1, . . . , m and some a G R; 

(C3) Any solution m G ^ of (4) (and not only any minimizer!) satisfies the Pohozaev 
identity 

{N -p)J{u) =aNV{u). (5) 

A few comments are in order. Clearly, the most important of the conditions above is 
(CI). To our knowledge, the existence of a minimizer for (Pi), under sufficiently general 
assumptions on the functions gi and for arbitrary m G N* and p G (l,oo), is still an 
open problem. However, several particular cases have been extensively studied in the 
literature. A series of papers has been devoted to the case p = 2 and fairly optimal 
conditions on gi that guarantee (CI) have been found by Berestycki-Lions [1] for m = 1 
and by Brezis-Lieb [3] for m > 1. In the case m = 1 and 1 < p < N the existence of 
a minimizer for {V\) has also been proved in [9] under general assumptions on g = g\ 
(similar to the assumptions in [1]). Under the conditions considered in [1] and [9], the 
functionals J and V are well defined on W 1,P (R N ) and this is clearly an admissible 
function space. The setting in [3] also corresponds to our assumptions. 

If T > and (Vi) admits minimizers, in most applications it is quite standard to prove 
that (C2) and (C3) hold. This is indeed the case under the assumptions in [1, 3, 9]. 

Next we consider the case p = N . Note that in this case the Pohozaev identity (5) 
becomes aNV(u) = 0; hence any "reasonable" solution u of (1) should satisfy V(u) = 0. 
Since we are interested in nontrivial solutions, we consider the minimization problem 

minimize J(u) in the set { u G X \ {0} | V(u) = 0}. (V' Q ) 

We assume that the following conditions are satisfied. 

(Dl) To := inf{J(u) | u G X, u ^ 0, V(u) = 0} > and (V' ) admits a minimizer uq] 

(D2) Any minimizer u G X of (V' ) is C 1 and satisfies the Euler-Lagrange equations (4) 
for some a > 0; 

(D3) Any solution u G X of (4) (with a > 0) satisfies the Pohozaev identity V(u) = 0. 

For p = N = 2, fairly optimal conditions on gi that guarantee (D1)-(D3) have been 
found by Berestycki-Gallouet-Kavian [2] for m = 1 and by Brezis-Lieb [3] for m > 1. 

In the next section we show that least energy solutions are minimizers of (V\) for 
some particular choice of A if 1 < p < N, respectively minimizers of (Vq) if p = N. Then 
we obtain the radial symmetry of such solutions as a direct consequence of the general 
results in [14] (in the case N = p,we need some extra-argument in addition to the results 
in [14]. 

In the third section we consider the scalar case m = 1 and we prove that least energy 
solutions have constant sign and, if they tend to zero at infinity, then they are monotone 
with respect to the radial variable. 

In the final section we make some connections with related results of symmetry and 
monotonicity in the literature. Let us just mention that, especially in the scalar case, the 
symmetry and monotonicity of solutions of (1) have been studied by many authors, see 
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e.g. [10, 15, 8, 7] and references therein. However, in all these works it is assumed that 
the solutions are nonnegative and some further assumptions on the nonlinearity g are 
made. They require, at least, g to be Lipschitz continuous and to satisfy a cooperative 
condition in the case of systems. In the present work, we do not make any additional 
assumptions on g, except those that guarantee the existence of least energy solutions 
(basically, we need g to be merely continuous and to satisfy some growth conditions near 
zero, see [3] and [9]). We prove that our solutions have constant sign and our results are 
valid as well for compactly supported solutions and for solutions that do not vanish. Of 
course, there is a price we have to pay: our method works only for least energy solutions, 
not for any nonnegative solution of (1). 

2 Variational characterization and symmetry 

We begin with the case 1 < p < N. 

Lemma 1 Assume that 1 < p < N and the conditions (C1)-(C3) hold. 

(i) Let u be a minimizer for (Pi). Then u ao is a least action solution of (1), where 

/ at \ ~ N -i N N 

<t = [^T) P , and S(u ao )=p(N-p)T- l N-TTT. 

(ii) Let v be a least energy solution for (1). Then v is a minimizer for (V\), where 
A = ( V r ) P • 

Proof. (i) By (C2) we know that u G C 1 and u satisfies (4) for some a G R. Then 

(5) implies (N — p)J{u) = aNV(u), which gives a = ^p-T > 0. It is easy to see that 

i 

u ao satisfies (1) for gq = a" and 

S(u ao ) = a^~ p J(u) - a*V(u) = a^~ p T - = p(N - p^N^TT . 

Let w G X, w + 0, be a solution of (1). By (C3) we have (N - p)J(w) = NV(w). If 
J(w) = 0, we have Vro = a.e. on H N , hence w must be constant. Since measurejx G 
R N | \w(x) > a} < oo for any a > 0, we infer that w = 0, a contradiction. Thus J(w) > 

AT N—p 

and V(w) = > 0. On the other hand, by (3) we get J(w) > T(V{w))~, i.e. 

N-p 

J{w) > T (Zp J(wj) N , which gives 

JH>(^)^Tf. (6) 
Combined with Pohozaev identity, this implies 

n JV i Af JV 

S(w) = J(w) - V(w) = jjJ{w) >p(N-p)T N TT~=S{u aQ ) (7) 

and we infer that least energy solution for (1). 

(ii) Conversely, let v be a least energy solution for (1). Then (N — p)J(v) = NV(v) 
by (C3), hence S(v) = j^J(v). It is obvious that the inequalities (6) and (7) above are 
satisfied with w = v. On the other hand, S(v) = S(u ao ) and we infer that v must satisfy 
(7) with equality sign, that is, 

N-p JV 
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A simple scaling argument shows that v is a minimizer for (V\), where A = p T p 



equivalently, v ai is a minimizer for ("Pi), where a\ = {^-^-T^ v = Uq 1 . This completes 
the proof of Lemma 1. □ 
The symmetry of least energy solutions will follow from Lemma 1 and a general 
symmetry result in [14]. For the convenience of the reader, we recall here that result. 

Theorem 2 ([14]) Assume that u : R w — ► R m belongs to some function space y and 
solves the minimization problem 



minimize I F(u(x),\Vu(x)\) dx 

J * N r , (V) 

in the set |u G y J H(u(x), |Vu(x)|) dx = A ^ Oj. 

Suppose that the following conditions are satisfied: 

(Al) For any v G y and any affine hyperplane IT in H N we have fn+^n- £ ^- 
(A2) Problem (V) admits minimizers in y and any minimizer is a C 1 function on Ti N . 
Then, after a translation, u is radially symmetric. 

Lemma 1 implies that least energy solutions solve the minimization problem ("Pa) f° r 
some A > 0. Conditions (CI), (C2) and property (v) in the definition of admissible 
spaces imply that (V\) satisfies the assumptions of Theorem 2. Thus we get: 

Proposition 3 Assume that 1 < p < N and (C1)-(C3) hold. Then (1) admits a least 
energy solution and each least energy solution is radially symmetric (up to a translation 
in K N ). 

Now we turn our attention to the case p = N. 

Proposition 4 Assume that p = N and (D1)-(D3) hold. Then (1) admits a least 
energy solution and any least energy solution solves (V'q). 

Moreover, if we assume that G is either negative or positive in some ball BRm(0,e) \ 
{0} and u G X is a least energy solution such that u(x) — > as \x\ — ► oo, then u is 
radially symmetric (up to a translation in H N ). 



Proof. Let uq be a minimizer for (Vq). By (D2) and (D3) we have V{uq) = and 

i 

uq satisfies (4) for some a > 0. Let u\ = (uo) a , where a = a?. It is easy to see that 
U\ solves (1) and S(u\) = J{u\) — V(u\) = J(uq) — a N V(uo) = J{uq) = Tq. For any 
solution u G X, u ^ of (1) we have V{u) = by (D3) and S(u) = J{u) > T = J( Ul ). 
Hence u\ is a least energy solution. 

If v is a least energy solution, then V(v) = by (D3) and J(y) = S(v) = S(u±) = To, 
thus v solves (Vq). 

Although Theorem 2 does not apply directly to minimizers of problem (V'q) (because 
the value of the constraint in (Vq) is zero), its proof can still be adapted to those minimiz- 
ers. Indeed, the proof of Theorem 2 shows that whenever u is a minimizer of (V) and IT 
is an affine hyperplane such that u n + and u n - are also minimizers, u must be symmetric 
with respect to IT. The only place where the assumption A ^ is used in Theorem 2 is 
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to show that for any e G S N 1 there exists an affine hyperplane II orthogonal to e such 
that 

/ H(u(x),\Vu(x)\)dx= f H(u(x),\Vu(x)\)dx = -. (8) 
Ju- Ju+ 2 

From (8) it follows then easily that «n+ an d Un~ are a l so niinimizers. 

In the present case we will use the fact that G(u) has a constant sign in a neighborhood 
of oo to find hyperplanes that "split the constraint in two equal parts." A similar idea 
has already been used in [13]. Henceforth we assume that u is a least action solution, 
u{x) — ► as \x\ — ► oo and, say, G{£) < for < |£| < e. For e G S N ~ 1 and 
t G R, we denote n e i = {x G R^ \ x ■ e = t}, Tl~ t = {x G H N \ x ■ e < t} and 
^t,t = {x G R^ | x • e > t}. We claim that for any e G S N_1 , there exists t e G R such 
that 



/n 



f G(u(x)) dx = [ G(u(x)) dx = and u n - ^ 0, u n + ^ 0. (9) 
n~ in+ 4 e ^ <=•*<= 



e,i e e.i 



To see this, fix e G S N 1 and define (pf(t) = / G(u(x)) dx, respectively. It follows 

that ip+ and y?" are continuous because G(u) G L 1 (R iV ). Since u is continuous, u ^ 0, 
limi a .|_ >00 u(x) = and G < on i?Rm(0, e) \ {0}, it is not hard to see that there exist 
t~, t + G R, t~ < t + such that 

<p-(t~) < 0, ift(t + ) < and u u - ± 0, u u+ ± 0. 

e,t~ e,t+ 

Since <£>+(*") = V(u) - <p~(t~) = -ip~(t~), it follows that ^+(f+) < < ¥>+(t~). 
From the mean value property, we see that there exists t e G (t~,t + ) satisfying (9). 
It is clear that u u - , u u + G X \ {0} because X is admissible and (9) implies that 

e,t e e,t e 

^(■"n - ) = V( u u + ) = ^' hence J(it n - ) > To, J(u n + ) > To. On the other hand, it 
is easy to see that J(u u - ) + J(u u + ) = 2J(u) = 2Tq. Thus J(« n - ) = J(« n + ) = To 
and n n - , n n + are also minimizers for {V'q). Then arguing exactly as in the proof of 
Theorem 2 in [14], it follows that after a translation, u is radially symmetric. □ 



3 Monotonicity results 

Throughout this section we assume that m = 1. We consider the following additional 
conditions for an admissible space X. 

(vi) For any u G A? and £ > 0, s < 0, we have min(u, t) G X and max(u, s) G X. 

(vii) If « G X and u > (respectively u < 0), then u* £ X (respectively — (— u)* G X), 
where u* is the Schwarz rearrangement of u. 

Proposition 5 Let an admissible space X satisfy the condition (vi). Assume that 1 < 
p < N and (CI) holds. If u G X is a solution of (V\) for some A > 0, then u does not 
change sign. 

Proof. This is a simple consequence of scaling. Indeed, let u + = max(u, 0) and u_ = 
min(u,0). It is clear that V(u+) + V(u-) = V(u) = A and J(u+) + J(u_) = J(u). If 

V(u-) < 0, then necessarily V(u+) > A. For a = ( yftTjj ) N € ^' ^) we ^ ave = 
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a N V{u + ) = A and J((u+) t7 ) = a N ~PJ{u + ) < a N -PJ(u) < J(u), contradicting the fact 
that u is a minimizer. Thus necessarily V{u-) > 0. In the same way V(u+) > 0, therefore 
V(u-), V{u + ) € [0, A]. Using inequality (3) (which trivially holds if V(y) = 0), we get 

N — r> N — r> N—v 

T\— = J{u) = J{u + ) + J(u_) > TV{u + )— +TV(u_) — , 

which gives 

N—p N—p 

'v(u+)\~ fv(u n — 



is m +m ■ (io) 

Since V(u + ) + V{u-) = A, (10) implies that either V(u+) = or V(it-) = 0. If V(u-) = 
and V(u+) = A we see that u+ satisfies the constraint and 

J(u + ) = J(u) - J(u_) < J(u). (11) 

Since u is a minimizer, we must have equality in (11) and this gives J(u~) = 0, hence 
u_ = and u = u + > 0. Similarly V(u+) = implies u = n_ < 0. □ 

Proposition 6 Let an admissible space X satisfy the condition (vi). Assume thatp = N 
and (Dl) holds. We have: 

(a) if G < on [—£,0) U (0, e] for some e > 0, i/ten u € X is a minimizer of (Pq) if 
and only if it solves the problem 

minimize J{y) in the set {v£X\v^0, V(v) > 0}; (Pq ) 

(b) if G > on [—£,0) U (0, e], then u € X solves (Pq) if and only if it solves the 
problem 

minimize J{y) in the set {v£X\v^0, V(v) < 0}. (Pq) 

Moreover, any minimizer of (Pq) or (Pq ) does not change sign. 

Proof. It clearly suffices to prove (a). 

Consider v G X such that v > a.e. and V(v) > 0. For t > we define v t (x) = 
mm(v(x),t). By (vi) we have v l G X. We claim that there exists i* > such that 
V{v u ) = 0. 

The continuity of G, properties (i) and (iii) in the definition of admissible spaces and 

the dominated convergence theorem imply that the mapping t = / G(v t (x)) dx 

Jr n 

is continuous on (0, oo). Since G{v e {x)) < whenever v{x) ^ and we cannot have 
v{x) = a.e. because V(v) > 0, we infer that V(v £ ) < 0. 

We claim that there exists to > e such that V(v to ) > 0. Two situations may occur: 

Case 1. There exists an increasing sequence t n — ► oo such that {G(t n )}^ =1 is bounded 
from below. Let m = inf n >i G(t n ). By dominated convergence we get 



V(v tn )-V(v) = [ G{t n )-G{v(x))dx > f m-G(v{x))dx — >0 

J{v>t n } J{v>t n } 



as n — > oo; 



hence V(v tn ) > \V(v) > for n sufficiently large. 

Case 2. G(s) — > — oo as s — > oo. Then, since v > a.e. and V(v) > 0, we see 
that the set A = {s > G(s) > 0} is nonempty. Let M = sup A < oo. It follows that 
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G(s) < for s > M. It is clear that M > e and V(v M ) > V(v) > 0. The claim is thus 
proved. 

Now the continuity of the mapping t i — > V(v f ) implies that there exists t* £ (e,to) 
such that V(u**) = 0. Similarly, if w € X, w < a.e. and V(«;) > there is some t > 
such that V(-(-u>)*) = 0. 

Next let uq £ <Y be a minimizer of (7-q)- Suppose T^(u) > for some u E X. Then at 
least one of the quantities V(u + ) and V(u-) is positive. If V(u + ) > 0, take t* > such 
that V(u+) = 0. We have u\ € X \ {0} and 

J(u) > J(u+) > J(u^) > J(uq) = T . (12) 

Hence mf{J(u) \ u € X , u ^ 0, > 0} = J(no) = 7b and no is a solution of (Pq)- 
Conversely, assume that u is a solution of (Pq). We prove that 

V(u+) = V(u_) = V(u) = 0. (13) 

We argue again by contradiction. If (13) does not hold, the inequality V(u + ) + V(u-) = 
> implies that at least one of the quantities V(u+) and V(u_) must be positive. 
Suppose that V(u+) > 0. As above we find > such that V(u+) = and then 
(12) holds for u. Moreover, since u is a minimizer of (Pq) we have J(u) < Tq and 
therefore all inequalities in (12) are in fact equalities. But J(u+) = J(itj!) implies 

/ \S7u\ p dx = 0, hence Vn = a.e. on {u > t*} which gives V((u — = a.e. 

J{u>U} 

and we infer that (u — t*)+ = a.e., that is u < t* a.e. Then we have n+ = and 
consequently y(n + ) = V(u^) = 0, contrary to our assumption. We argue similarly if 
V(u-) > and (13) is proved. Since V(u) = and J(u) = Tq = J(uq), we see that u 
solves (Pq). 

Lastly we show that if u is a minimizer of (Pq), then either u+ = a.e. or n_ = 
a.e. (but we cannot have u + = -u_ = a.e. because J(u) = Tq > 0). Indeed, if u + ^ 
and u~ / 0, (13) would imply J(u + ) > Tq and J(u ) > Tq and this would give 

T = J(u) = J(u + ) + J(u_) > 2T > 0, 

which is a contradiction. This completes the proof. □ 
Next we prove the monotonicity of scalar minimizers. 

Theorem 7 Let X be an admissible space satisfying the conditions (vi) and (vii). We 
assume that conditions (C1)-(C3) hold ifl<p<N, respectively conditions (D1)-(D3) 
hold if p = N. In the case p = N, we also assume that there exists e > such that either 
G > or G < on [—e,0) U (0, e]. Then any least energy solution u of (1) such that 
limi^i^oo u(x) = is, up to a translation, radially symmetric and monotone with respect 
to r = \x\ € [0, oo). 

Proof. Symmetry follows directly from Propositions 3 and 4. Hence there is a function 
u : [0, oo) — ► R such that u(x) = u(\x\) = u(r). From Lemma 1 and Proposition 4, we 
know that any least energy solution is a minimizer of (P\) for some A > 0, respectively of 
(Pq). We will show that whenever u(x) = u(r) solves one of these minimization problems 
and tends to zero at infinity, u is monotone on [0, oo). 

We have to introduce some notation. In what follows, T^ -1 is the (N—l)— dimensional 
Hausdorff measure and C N is the Lebesgue measure on R^. Given a Lebesgue measurable 
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set E C R^, we denote by d*E its measure theoretic boundary, i.e. d*E = {x G | < 
lim - c^^xr))^ < ^ ^ ^ as fi n ^ e measure, we denote by E* the Schwarz rearrange- 
ment of E, i.e. E* is the open ball centered at the origin such that C N (E) = C N (E*). 
We recall the isoperimetric inequality: if E C H N is bounded and measurable, then 

U N -\d(E*)) < H N - 1 {d*E), (14) 

with equality holding if and only if E is equivalent to a ball in H N (see, e.g., Proposition 
2.2 p. 157 in [6] and references therein). Note that the right side in (14) might be oo. 

Now let u be as above. From Proposition 5 and Proposition 6, we know that u has 
constant sign; hence we may assume that u > 0. Let u* be the Schwarz rearrangement 
of u. For t > we denote 

E t = {x G R N | u(x) > t}, F t = {x G R N \ u*(x) > t}. 

Note that E t is bounded for any t > because it tends to zero at oo and (Et)* = F t . 

We argue by contradiction and we assume that u is not nonincreasing. Then there 
exist < ri < r2 such that < u(r±) < ufa)- Since u(x) — ► as \x\ — > oo, there exists 
^3 > T2 such that u(rs) = u(r\). Denoting a = u(r±) and b = ufa), we see that for any 
t G (a, b), E t is nonempty and is not equivalent to a ball. The isoperimetric inequality 
gives 

H N - l (dF t ) < n N ~ 1 (d*Et) for any t G (0, M), (15) 

with strict inequality for t G (a,b). 

Since u G C 1 and lim^^,,^ u\x) = 0, we see that u is bounded and (u—t)+, (u* — t)+ G 
W 1 ' P (R JV ) for any t > 0. Let M = max xgR jv ix(x). Using the coarea formula for W 1,v 
functions (see, e.g., Proposition 2.1 p. 157 in [6]), we find 

/ \Vu\ p dx=( M \f \Vu\P~ 1 dH N - l \ ds. (16) 

j{u>t} Jt yju- 1 ^) j 

The coarea formula for (u* — t) + gives 

/ \Vu*\ p dx= [ M (\Vu*((u*)- 1 (s))\ p - 1 n N - 1 ((u*)- 1 (s))) ds. (17) 
J{w>t} Jt v ' 

Passing to the limit as t [ and using the monotone convergence theorem, we see that 
(16) and (17) also hold for t = 0. 

The following result is a simple consequence of Lemma 3.1 p. 161 in [6]. 

Proposition 8 ([6]) Let v G X be a nonnegative function that tends to zero at infinity 
and let v*(x) = v*(\x\) be the Schwarz rearrangement of v. There exists a set N v C 
(0, sup(-u)) of Lebesgue measure zero such that for any t G (0, sup(-u)) \ N v , (v*)~ l (t) 
contains only one point, (v*)' ((v*)~ l (t)) exists, H N ~ x (v^ 1 (t)) and H N ~ 1 ((v*)~ 1 (t)) are 
finite and 

[ ivvi^dH*- 1 >\vv*{(v*y 1 (t))\ p - 1 n N ~ 1 ((v*y 1 (t)). (is) 

Jv-i-it) 

Moreover, iftE (0, sup(i>)) \ N v and we have equality in (18) then necessarily 

H N ~ 1 (d*{x G K N | v(x) > t}) = H 1 *- 1 ^ 1 ®) = H"-^*)- 1 ®) (19) 
and \Vv\ = |Vi;*((i;*) _1 (t))| = constant Tt N ~ 1 — a.e. on u _1 (t). 
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By Proposition 8 we infer that u satisfies (18) for any t G (0, M)\N U , where >C 1 (A^ 1 ) = 
0. Moreover, the isoperimetric inequality (15) (which is strict for t G (a, b)) implies that 
u cannot satisfy (19) for t G (a, b) \ N u . Therefore we have strict inequality in (18) for 
u whenever t G (a, b) \ N u . Integrating (18) from to M and using (16) and (17) (with 
t = 0) we get 

/ \Vu\ p dx> [ \Vu*\ p dx, or equivalents J(u) > J{u*). (20) 

On the other hand it is clear that u* G X \ {0} and V(u*) = V(u), therefore (20) 
contradicts the fact that u is a minimizer. This proves that u must be nonincreasing. □ 

4 Some remarks and examples 

Remark 9 In the scalar case m = 1 it is well known (see for example the Introduction 
of [5]) that if g is odd then any least energy solution has a constant sign. In Remark 
II. 6 of [11], Lions raised the question (for p = 2 and N > 3) whether this remains true 
without assuming g odd. Proposition 5 gives an affirmative answer for any 1 < p < N 
and Proposition 6, under some mild additional assumptions, for p = N. Previous partial 
results were obtained by Brock [5], using rearrangement arguments, assuming that 1 < 
p < 2, the minimizer u satisfies u(x) — ► as |x| — > oo and g G C°' P_1 (R). Nothing was 
proved for p > 2. 

Remark 10 If N > 3, p = 2, m = 1 and under the assumption that g is odd, the 
existence of least energy solutions for (1) has been proved in [1] by showing that problem 
(Vi) admits a minimizer. The minimizer found in [1] was radial by construction, but it 
was not known whether all least energy solutions were radially symmetric. The existence 
of a minimizer for (Vi) without the oddness assumption on g has also been proved in 
[11], but nothing was known about the symmetry or the sign of such minimizers. Our 
results imply that any least energy solution is radially symmetric, has constant sign and 
is monotone with respect to the radial variable, no matter whether g is odd or not. 

In the case N > 2, p = 2, mG N*, the existence of least energy solutions is also 
known (see [3] for general results, historical notes, comments and further references). If 
N > 2, the existence of a minimizer for (V\) and the existence of least energy solutions 
have been proved in [3] under very general assumptions on the functions gi. It has also 
been shown that the solutions are smooth (Theorem 2.3 p. 105 in [3]) and satisfy the 
Pohozaev identity (Lemma 2.4 p. 104 in [3]). However, as already mentioned in [3] p. 
99, the existence of radially symmetric least energy solutions was not clear. Indeed, the 
Schwarz symmetrization that lead to a radial minimizer in [1] could not be used in [3] 
because of the general assumptions on the nonlinearity made there. In fact, it is known 
that the Schwarz rearrangements may be used for systems only if the nonlinearity satisfies 
a cooperative condition. 

Proposition 3 above implies that all least energy solutions of the system considered 
in [3] are radially symmetric. 

If N = 2 and G(£) < for < |£| < e, the existence of least energy solutions and 
the existence of minimizers for (Vq) have been proved in [2, 3]. It has also been shown 
that such solutions are smooth, satisfy the Pohozaev identity and tend to as \x\ — ► oo. 
Therefore Proposition 4 implies that any least energy solution is radially symmetric. 

We have to mention that if p = 2 and if the minimizers of ("Pa) satisfy a unique 
continuation principle, it has already been proved in [12] that any minimizer is radially 
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symmetric (modulo translation). In [12] no cooperative condition is required when m > 2 
but using a unique continuation principle require in particular g to be C 1 . Our results are 
still valid when a unique continuation principle fails (e.g., for minimizers with compact 
support). Note that compactly supported minimizers may occur in some applications 
(cf. Theorem 3.2 (ii) p. Ill in [3]; see also [14] for such an example). In the scalar case 
m = 1, [12] does not say anything about the sign of the minimizers. 

Remark 11 If 1 < p < N and m = 1, it has been proved in [9], under general condi- 
tions on g, that problem ("Pa) admits minimizers (thus (1) has least energy solutions). 
The minimizers found in [9] were radially symmetric by construction. It follows from 
Proposition 3 that any least energy solution is radially symmetric. 

If, in addition to the assumptions of Theorem 7, it is assumed that g is locally Lipschitz 
on (0, oo) and non-increasing on some interval (0, sq) and 1 < p < 2, it has been proved 
in [8] that any nonnegative solution of (1) is radially symmetric and that u(x) = u(\x\) 
satisfies u'(r) < whenever r > and u(r) > 0. The same result is true when p > 2 if it 
is assumed in addition that the critical set of the solution u is reduced to one point (see 
[15]). These assumptions are not necessary for us but, of course, we only deal with least 
energy solutions. 

Remark 12 (i) The symmetry results in Section 2 hold without any change if we replace 

the functional J by a functional of the form / } Ai(u, Vui)dx where ^ — > Ai(u, £) is 

p- homogeneous for any i = 1, ...,m. 

(ii) Our method still works for more general functionals of the form 

j( u ) = -( \x\ a Y Ai(u)\Vui\ p dx and V(u) = [ \xfG(u)dx. 
p J-RN ~[ Jn N 

In this case, using Theorem 1 in [14], we obtain that minimizers (and the corresponding 
minimum action solutions) are axially symmetric. 

Functionals of this type appear, e.g., in the Caffarelli-Kohn-Nirenberg problem (which 

consists in minimizing / [ Vu| q \ x \ ~ aq dx under the constraint / \u\ p \x\~ bp dx = const., 

Jn N Jr n 
where q > 1, p > 1, a < b < ^ and < | — | = It has been proved that min- 

imizers for this problem exist and, in general, are not radially symmetric (see [4] and 
references therein). 

Acknowledgment The research of the first author was supported in part by KRF- 
2007-412-J02301 of Korea Research Foundation. 
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